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ABSTRACT 
Steady-state laminar Rayleigh-Bénard convection (i.e. differentially heated horizontal walls heated from below) of 
power-law fluids in square cross-sectional cylindrical annular enclosures has been numerically investigated under 
the assumption of axisymmetry. The numerical simulations have been conducted for a range of different values of 
nominal Rayleigh number ܴܽ, nominal Prandtl number	ܲݎ, power-law index ݊ and internal radius to enclosure 
height ratio ݎ௜/ܮ (i.e. 10ଷ ൑ ܴܽ ൑ 10ହ; 10 ൑ ܲݎ ൑ 10ସ; 0.6 ൑ ݊ ൑ 1.8; 0 ൑ ݎ௜/ܮ ൑ 24) for both constant wall 
temperature (CWT) and constant wall heat flux (CWHF) boundary conditions for differentially heated horizontal 
walls. It has been found that convective transport is stronger for CWT boundary condition than for CWHF boundary 
condition for large (small) values of  Ra (n) for a given set of values of n (Ra), Pr, and ݎ௜/ܮ , but an opposite trend 
is observed for small (large) values of Ra (n). The mean Nusselt number ܰݑതതതത௖௬ does not show a monotonic increase 
with increasing (decreasing) Ra (n) especially for small values of ݎ௜/ܮ for a given value of Pr due to changes in 
flow patterns (i.e. number of convection cells). However, the mean Nusselt number ܰݑതതതത௖௬ and flow patterns for 
large values of ݎ௜/ܮ approach those for square enclosures (ݎ௜/ܮ → ∞) for both CWT and CWHF boundary conditions. 
Additionally, the critical Rayleigh number ܴ ܽ௖௥௜௧ for the onset of convection has been found to be mostly insensitive 
to the value of ݎ௜/ܮ for both CWT and CWHF boundary conditions.  
NOMENCLATURE 
cp Specific heat at constant pressure, J/kgK μ Dynamic viscosity, Ns/m2 
eij Rate of strain tensor, s-1 ߥ Kinematic viscosity, m2/s 
g Gravitational acceleration, m/s2 ρ Density, kg/m3 
Gr Grashof number τij (τ) Stress tensor (stress) 
h Heat transfer coefficient, W/m2K ߶ Azimuthal co-ordinate 
K Consistency, N sn/m2 ߰ Stream function, m2/s 
k Thermal conductivity coefficient, W/mK Ψ Dimensionless stream function 
L Height of the enclosure and difference between inner and outer radius, m Subscripts 
n Power-law index a Apparent 
ܰݑതതതത Mean Nusselt number C Cold wall 
ܰݑതതതത௖௬  Mean Nusselt number for cylindrical annular enclosure CWT Constant wall temperature 
P Pressure, Pa CWHF Constant wall heat flux 
Pr Prandtl number cen Geometrical centre 
q Heat flux, W/m2  cy Cylindrical Annular Enclosure 
r Radius, m eff Effective value 
ri Inner radius, m H Hot wall 
ro Outer radius, m nom Nominal value 
Ra Rayleigh number ref Reference value 
T Temperature, K sq Square 
u,(w) Radial(vertical) velocity component, m/s Special characters 
U, W Dimensionless radial (U = u L/ α) and vertical velocity (W = w L/ α) Δܶ Temperature difference, K 
Uref Reference velocity scale, m/s Δ௠௜௡,௖௘௟௟ Minimum cell distance, m 
ߴ Characteristic velocity, m/s   
z Coordinate in vertical direction, m   
α Thermal diffusivity, m2/s   
β Coefficient of thermal expansion, 1/K   
δ,δth Velocity and thermal boundary-layer thickness, m   
θ Dimensionless temperature   
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1. INTRODUCTION 
Natural convection of non-Newtonian fluids in enclosed spaces is relevant to many engineering applications (i.e. 
food and chemical industries, solar power systems and cooling of electronic devices). Thus, perhaps 
unsurprisingly, natural convection of non-Newtonian fluids obeying power-law model of viscosity has been a 
subject of several previous analyses (see Table 1 of Ref. [1]) and an enhancement of convective heat transfer rate 
has been reported for shear thinning fluids [2-6] (also see references in Ref. [1]). Most of these analyses have been 
carried out for rectangular enclosures but cylindrical enclosures are more relevant to practical applications (e.g. 
solar collectors, heat exchangers etc.). The effects of ratio of the internal radius to enclosure height (i.e.	ݎ௜/ܮ) on 
natural convection of power-law fluids in cylindrical annular enclosures with differentially heated vertical walls 
have recently been investigated by Yigit et al. [7,8]. It has been found that convective transport strengthens with 
increasing ݎ௜/ܮ for natural convection of power-law fluids in cylindrical annular spaces with differentially heated 
vertical walls. However, the effects of ݎ௜/ܮ on natural convection of power-law fluids in Rayleigh-Bénard 
configuration (i.e. differentially heated horizontal walls with higher bottom wall temperature) have not been 
analysed in open literature. It is important to note that convection sets in once a finite temperature difference is 
established between the active walls in differentially heated vertical wall configuration, whereas a critical 
Rayleigh number needs to be surpassed for the onset of fluid motion in the Rayleigh-Bénard configuration. 
Therefore, steady state laminar Rayleigh-Bénard convection of power-law fluids in square cross-sectional 
cylindrical annular enclosures has been investigated in this study to address this deficit in existing literature. Here, 
the simulations have been carried out for a range of different values of nominal Rayleigh (e.g. ܴܽ ൌ 10ଷ െ 10ହ), 
Prandtl (e.g. ܲݎ ൌ 10 െ 10ସ) numbers and power-law indexes (n = 0.6-1.8) for different values of cylinder radius 
(e.g. ݎ௜/ܮ ൌ 0 െ 24 where ݎ௜ and ܮ are the inner radius and the cylinder height respectively). In this respect, the 
main objectives of this analysis are to demonstrate the effects of Ra, Pr, n on steady-state laminar Rayleigh-
Bénard convection of power-law fluids in square cross-sectional cylindrical annular enclosures for different values 
of	ݎ௜/ܮ, and provide physical explanations for the observations based on numerical findings. 
 
2. MATHEMATICAL BACKGROUND 
The viscous stress tensor ߬௜௝ for a power-law fluid can be expressed as:	߬௜௝ ൌ ߤ௔݁௜௝ ൌ ܭሺ݁௞௟݁௞௟/2ሻሺ௡ିଵሻ/ଶ݁௜௝ 
where ݁௜௝ ൌ ሺ߲ݑ௜/߲ݔ௝ ൅ ߲ݑ௝/߲ݔ௜ሻ is the rate of strain tensor, K is the consistency, n is the power-law index and 
ߤ௔ ൌ ܭሺ݁௞௟݁௞௟/2ሻሺ௡ିଵሻ/ଶ is the apparent viscosity. The apparent viscosity ߤ௔ decreases (increases) with 
increasing shear rate for  ݊ ൏ 1  (݊ ൐ 1) and thus fluids with ݊ ൏ 1  (݊ ൐ 1) are referred to as shear-thinning 
(shear-thickening) fluids, whereas ݊ ൌ 1 represents Newtonian fluids. The present analysis is conducted in non-
dimensional form for the purpose of generalization where the spatial co-ordinates, velocity components, pressure, 
shear stress and temperature are non-dimensionalised in the following manner: 
ݎ௜ା ൌ ݎ௜/ܮ,	ݖା ൌ ݖ/ܮ, ݑ௜ା ൌ ݑ௜/ ௥ܷ௘௙ , ܲ ା ൌ ܲ/ߩ ௥ܷ௘௙ଶ , ߬ ௜௝ା ൌ ߬௜௝ܮ/ߩߙ ௥ܷ௘௙, Θ ൌ ሺܶ െ ௥ܶ௘௙ሻ/∆ ௥ܶ௘௙                                (1)                   
where ௥ܷ௘௙ is given by: ௥ܷ௘௙ ൌ ߙ/ܮ according to several previous analyses [1,2,6-8], ௥ܶ௘௙ is the reference 
temperature and ∆ ௥ܶ௘௙ is the reference temperature difference. Here, ∆ ௥ܶ௘௙ is taken to be ሺ ுܶ െ ஼ܶሻ (ݍܮ/݇) for 
CWT (CWHF) configurations. Moreover, ௥ܶ௘௙ is taken to be the cold wall temperature ௖ܶ for the CWT 
configuration and the temperature at the geometrical centre of the annular enclosure (i.e.	 ௥ܶ௘௙ ൌ ௖ܶ௘௡) for the 
CWHF boundary condition. This yields the following non-dimensional forms of conservation equations for 
power-law fluids with temperature-independent thermo-physical properties under the assumption of axisymmetry: 
Non-dimensional mass conservation equation: 
ሺ1 ݎାሻ⁄ ߲ሺݎାݑାሻ ߲ݎା⁄ ൅ ሺ߲ݓା ߲ݖାሻ⁄ ൌ 0                                                                                                         (2i) 
Non-dimensional momentum conservation equations 
Radial direction: 
ݑା ሺ߲ݑା ߲ݎାሻ⁄ ൅ ݓା ሺ߲ݑା ߲ݖାሻ⁄ ൌ െ߲ܲା ߲ݎା⁄ ൅ ሺ1 ݎାሻ⁄ ߲ሺݎା߬௥௥ାሻ ߲ݎା⁄ െ ߬థథା ݎା⁄ ൅ ߲ሺ߬௥௭ାሻ ߲ݖା⁄   (2ii)    
Vertical direction: 
ݑାሺ߲ݓା ߲ݎା⁄ ሻ ൅ ݓାሺ߲ݓା ߲ݖା⁄ ሻ ൌ െ߲ܲା ߲ݖା⁄ ൅ ܴܽܲݎΘ ൅ ሺ1 ݎାሻ⁄ ߲ሺݎା߬௥௭ାሻ ߲ݎା⁄ ൅ ߲ሺ߬௭௭ାሻ ߲ݖା⁄      (2iii)   
Non-dimensional energy conservation equation: 
ݑାሺ߲Θ ߲ݎା⁄ ሻ ൅ ݓା ሺ߲Θ ߲ݖାሻ⁄ ൌ ሺ1 ݎା⁄ ሻ߲ሺݎା ߲Θ ߲ݎା⁄ ሻ/߲ݎା ൅ ߲ଶΘ ߲ݖା߲ݖା⁄                                              (2iv) 
where r is the radial co-ordinate and z axis is taken to align with the vertical direction, whereas the axisymmetric 
flow is assumed to be independent of the azimuthal direction ߶ as schematic diagram of the configuration is 
shown in Fig.1. In Eq. 2, Ra and Pr are the nominal Rayleigh and Prandtl numbers, which are defined for the 
CWT (CWHF) boundary conditions using the reference temperature differences ሺ ுܶ െ ௖ܶሻ (ݍܮ/݇ሻ in the 
following manner: 
ܴܽ஼ௐ் ൌ ݃ߚሺ ுܶ െ ஼ܶሻܮଶ௡ାଵ ߙ௡ሺܭ/ߩሻ⁄ ; ܴ ܽ஼ௐுி ൌ ݃ߚݍܮଶ௡ାଶ ߙ௡݇ሺܭ/ߩሻ⁄ ;  ܲ ݎ ൌ ሺܭ ߩ⁄ ሻߙ௡ିଶܮଶିଶ௡                (3) 
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The local heat transfer coefficient h is defined as: 
	݄ ൌ |െ݇ሺ߲ܶ ߲ݖ⁄ ሻ௭ୀ଴ ൈ 1/ሺ ௭ܶୀ଴ െ ௭ܶୀ௅ሻ|                                                                                                                                 (4) 
The mean heat transfer coefficient ത݄  and the mean Nusselt number ܰݑതതതത௖௬ are evaluated as: 
ത݄ ൌ ׬ 2ߨݎ݄݀ݎ/ሾߨሺݎ௜ ൅ ܮሻଶ െ ߨݎ௜ଶሿ௥೔ା௅௥೔  ,   ܰݑതതതത௖௬ ൌ ത݄ܮ/݇                                                                                    (5) 
Using Buckingham’s pi theorem, it is possible to show that the Nusselt number for natural convection of power-
law fluids in square cross-sectional cylindrical annular enclosures can be expressed as: ܰݑ ൌ ݂ሺܴܽ, ܲݎ, ݊, ݎ௜/ܮሻ. 
Equations 2i-iv are solved in a coupled manner in conjunction with the following boundary conditions. The two 
vertical walls are kept under adiabatic conditions (i.e. ߲Θ/߲ݎା ൌ 0 at ݎା ൌ ݎ௜/ܮ and	ݎା ൌ ݎ௜/ܮ ൅ 1), and both 
velocity components (i.e. ݑା and	ݓା) are identically zero on each boundary because of the no-slip condition and 
impenetrability of rigid walls. For the CWHF configuration, the heat fluxes for horizontal hot and cold walls are 
specified (i.e. െ߲Θ/߲ݖା ൌ 1 at ݖା ൌ 0.0 and ݖା ൌ 1.0 respectively). By contrast, the temperatures of horizontal 
walls are specified (i.e. Θ ൌ 1 and Θ ൌ 0 at  ݖା ൌ 0.0 and ݖା ൌ 1.0 respectively) for CWT configuration. 
 
3. NUMERICAL IMPLEMENTATION 
The governing equations (Eqs. 2i-iv) are solved in the axisymmetric cylindrical coordinates using the finite-
volume methodology. The present numerical scheme has been validated for natural convection of both Newtonian 
and power-law fluids in square enclosures. Interested readers are referred to Refs. [1,6-8] for further information 
of numerical procedure and benchmarking and grid independence analysis. It has been ensured that a change in 
the computational grid did not lead to a change in flow pattern within the enclosure during the course of grid 
independency analysis [1]. Minimum and maximum levels of ߤ are assumed to be ߤ௠௜௡ ൌ 10ିସߤ௡ୀଵ and ߤ௠௔௫ ൌ10ସߤ௡ୀଵ respectively where ߤ௡ୀଵ is the viscosity of the Newtonian fluid for the same nominal values of Rayleigh 
and Prandtl numbers.  It has been checked that the results remain independent of the choices of ߤ௠௜௡ and ߤ௠௔௫ 
beyond these values. 
Previous analyses [1,9] reported multiple steady two-dimensional Newtonian (i.e. ݊ ൌ 1) flow patterns in 
the super-critical regime (when the critical Rayleigh number for linear instability is surpassed) of Rayleigh-Bernard 
convection for square (i.e.	ܣܴ ൌ 1) enclosures. Furthermore, one may obtain multiple solutions for Rayleigh-
Bernard convection in the case of shear-thinning (i. e.݊ ൏ 1) fluids when the power-law exponent n is smaller 
than a threshold value [10]. Furthermore, recent numerical investigations in the case of rectangular enclosures 
suggested that the simulations for both Newtonian and power-law fluids in Rayleigh-Bernard configuration can 
be sensitive to the initial conditions [9,10]. For the above reasons, the simulations in the current analysis have 
been carried out for two types of initial conditions. In one set of simulations, the quiescent flow condition is used 
for the initial condition of Newtonian fluid simulations, whereas the steady state simulation results obtained for a 
smaller value of ܴܽ is used for the initial condition for the cases with ܴܽ ൒ 1 ൈ 10ଷ in the second method. These 
two methodologies will henceforth be referred to as the “quiescent flow (Q.F.)” and “established flow (E.F.)” 
initial conditions respectively, in this paper. The steady-state solution obtained for Newtonian (i.e. ݊ ൌ 1.0) fluids 
based on E.F. initial condition for a given set of values of Ra and Pr  has in turn been used as an initial condition 
for one set of simulations involving non-Newtonian power-law fluids (i.e. E.F. initial condition for power-law 
fluids), whereas the quiescent condition is used as an initial condition (i.e. Q.F. initial condition for power-law 
fluids) for the other set of power-law fluid simulations. 
  
4. SCALING ANALYSIS 
A detailed scaling analysis is performed to estimate effects of ܴܽ, ܲݎ, ݊, ݎ௜/ܮ on laminar Rayleigh-Bénard 
convection regime of power-law fluids in current study. Equating the order of magnitudes of inertial and buoyancy 
terms yields ݓ~ඥ݃ߚሺ ுܶ െ ஼ܶሻܮ (ݓ~ඥ݃ߚݍߜ௧௛ܮ/݇) can be obtained for CWT (CWHF) configurations. Based 
on the continuity equation for axisymmetric geometry with ݎ௜ ് 0 leads to: ଵ
௥
డሺ௥௨ሻ
డ௥ ~ ቀ
௨
௥ ൅
௨
௅ቁ~
డ௪
డ௭ ~
௪
௅                                                                                                                                     (6) 
which leads to the following relation based on scaling estimate of u: 
ݑ~ ௪ሺଵା௅/௥೔ሻ ~
ఈ
௅
ඥோ௔಴ೈ೅௉௥
ሺଵା௅/௥೔ሻ   ;   ݑ~
௪
ሺଵା௅/௥೔ሻ ~
ఈ
௅ ሺܴܽ஼ௐுிሺ
೙
మା
భ
మሻ/ሺ
೙
మାଶሻܲݎሺ೙మାଵሻ/ሺ೙మାଶሻ ଶ݂ିሺ
೙
మା
భ
మሻ/ሺ
೙
మାଵሻሻ/ሺ1 ൅ ܮ/ݎ௜ሻ      (7) 
Similarly, equating the order of magnitudes of inertial and viscous terms in the vertical (radial) direction (i.e. 
ߩݓଶ/ܮ~ሾሺܭ/ߜሻሺݓ/ߜሻ௡ሿ (ߩݑଶ/ܮ~ሾሺܭ/ߜଵሻሺݑ/ߜଵሻ௡ሿ), it is possible to estimate hydrodynamic boundary layer 
thickness in the following manner for ݎ௜ ് 0 where ߜ (ߜଵ) is the hydro-dynamic boundary layer thickness on the 
vertical (horizontal) walls respectively: 
ߜ~ܮ/൫ܴܽ஼ௐ்ଶି௡ܲݎି௡൯
భ
మሺ೙శభሻሻ, ߜ~ܮ/ሺܴܽ஼ௐுிଵି௡/ଶܲݎି௡/ଶሻଵ/ሺ
೙
మାଶሻ ଶ݂ሺ௡/ଶିଵሻ/ሺ
೙
మାଶሻ                                       (8i) 
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ߜଵ~ܮሺ1 ൅ ܮ/ݎ௜ሻሺଶି௡ሻ/ሺ௡ାଵሻ/൫ܴܽ஼ௐ்ଶି௡ܲݎି௡൯
భ
మሺ೙శభሻ (CWT), 
ߜଵ~ܮሺ1 ൅ ܮ/ݎ௜ሻሺଶି௡ሻ/ሺ௡ାଵሻ/ሺܴܽ஼ௐுிଵି௡/ଶܲݎି௡/ଶሻଵ/ሺ
೙
మାଶሻ ଶ݂ሺ௡/ଶିଵሻ/ሺ
೙
మାଶሻ   (CWHF)                                                  (8ii) 
Using Eq. 8, it is possible to estimate the effective viscosity in the vertical (horizontal) boundary layers (i.e. 
ߤ௘௙௙௏~ܭሺݓ/ߜሻ௡ିଵ (ߤ௘௙௙ு~ܭሺݑ/ߜଵሻ௡ିଵ) in order to predict the effective Rayleigh numbers for ݎ௜ ് 0 in the 
vertical and horizontal boundary layers in the following manner: 
ܴܽ஼ௐ்,௘௙௙௏ ൌ ߩଶܿ௣݃ߚሺ ுܶ െ ஼ܶሻܮଷ ߤ௘௙௙௏݇ൗ ~ܴܽሺହି௡ሻ/ሺଶ௡ାଶሻܲݎሺଵି௡ሻ/ሺଶ௡ାଶሻ                                                 (9i) 
ܴܽ஼ௐுி,௘௙௙௏ ൌ ߩଶܿ௣݃ߚݍܮସ ߤ௘௙௙௏݇ଶൗ ~ܴܽሺ଻ିଶ௡ሻ/ሺ௡ାସሻܲݎሺଶିଶ௡ሻ/ሺ௡ାସሻ                                                          (9ii) 
ܴܽ஼ௐ்,௘௙௙ு ൌ ߩଶܿ௣݃ߚሺ ுܶ െ ஼ܶሻܮଷ ߤ௘௙௙ு݇ൗ ~ܴܽሺହି௡ሻ/ሺଶ௡ାଶሻܲݎሺଵି௡ሻ/ሺଶ௡ାଶሻሺ1 ൅ ܮ/ݎ௜ሻଷሺ௡ିଵሻ/ሺ௡ାଵሻ          (10i)   
ܴܽ஼ௐுி,௘௙௙ு ൌ ߩଶܿ௣݃ߚݍܮସ ߤ௘௙௙ு݇ଶൗ ~ܴܽሺ଻ିଶ௡ሻ/ሺ௡ାସሻܲݎሺଶିଶ௡ሻ/ሺ௡ାସሻሺ1 ൅ ܮ/ݎ௜ሻଷሺ௡ିଵሻ/ሺ௡ାଵሻ                   (10ii) 
Equations 9 and 10 show that the effective value of Rayleigh number ܴ ܽ௘௙௙ increases (decreases) with decreasing 
(increasing) values of n due to weaken (strengthen) viscous resistance as a result of shear thinning (thickening) 
behaviour. It is also can be seen ܴܽ஼ௐ்,௘௙௙ு and ܴܽ஼ௐுி,௘௙௙ு decrease with decreasing ݎ௜/ܮ for shear thinning 
fluids, but an opposite behaviour can be expected for shear thickening fluids (i.e. ݊ ൐ 1). Also, ܴܽ௘௙௙௏ and 
ܴܽ௘௙௙ு remain of the same order of magnitude for two dimensional square enclosures (ݎ௜ → ∞) since velocity 
scales and boundary layer thicknesses remain same order in both directions. It is worth noting that in the current 
analysis the ܴܽ௘௙௙ (see Eqs. 9-10) becomes increasingly larger than its nominal value for decreasing values of n 
and ܲݎ	for shear thinning fluids (i.e.݊ ൏ 1). The scaling relations given by Eqs. 6-10 need to be considered with 
caution because using ݎ௜ ൌ 0 leads to singularities so these relations need to be treated in an order of magnitude 
sense for explaining the trends observed from simulation results. 
 
5. RESULTS AND DISCUSSION 
5.1 Effects of nominal Rayleigh number Ra, power-law index n and Prandtl number Pr 
The variation of ܰ ݑതതതത௖௬ with Pr for different values of Ra, n, ݎ௜/ܮ	and different initial conditions (i.e. E.F. and Q.F.) 
is shown in Figs. 2-3 with representative flow patterns in the case of CWT and CWHF boundary conditions, 
respectively. Figures 2-3 indicate that ܰݑതതതത௖௬ increases (decreases) monotonically with increasing Ra (n) for shear 
thickening fluids (i.e.	݊ ൐ 1) and similar flow patterns are observed regardless of the choices of boundary and 
initial conditions. By contrast, the variation of ܰݑതതതത௖௬ shows a non-monotonic trend with an increase in Ra  due to 
changes in flow patterns for Newtonian (i.e.	݊ ൌ 1) and shear thinning fluids (i.e.	݊ ൏ 1) for a given set of values 
of Pr and	ݎ௜/ܮ for both choices of initial and boundary conditions. Although convective heat transfer is expected 
to strengthen with increasing Ra, a change in the streamline pattern modifies the distance between isotherms in 
the vicinity of hot and cold walls, which in turn leads to a non-monotonic variation of  ܰݑതതതത௖௬ with ܴܽ for both 
Newtonian (i.e.	݊ ൌ 1)  and  shear thinning fluids (i.e.	݊ ൏ 1) for a given set of values of Pr  and	ݎ௜/ܮ. This effect 
is particularly strong for a combination of large values of ܴܽ  and small values of ݊ and	ܲݎ. Equations 9 and 10 
indicate that the effective Rayleigh number ܴܽ௘௙௙  becomes increasingly larger than its nominal value for 
decreasing values of n and ܲݎ	for shear thinning fluids (i.e.݊ ൏ 1). Thus, steady state solution corresponding to a 
particular type of flow pattern such as one cell structure, which is obtained for small values of  ܴܽ௘௙௙ , may not 
be possible to obtain for large values of ܴܽ௘௙௙. Thus, steady state solution may exhibit multiple cell patterns for 
large values of ܴܽ௘௙௙ but multiple cell structure acts to reduce the mean Nusselt number. 
Furthermore, the variations of the ܰݑതതതത௖௬ and the streamline pattern are found to be insensitive to the choices 
of Pr and initial condition for both Newtonian (i.e.	݊ ൌ 1) and shear thickening fluids (i.e.	݊ ൐ 1), whereas the 
influences of Pr and initial condition are found to be significant in the case of shear thinning fluids (i.e. ݊ ൏ 1) 
for a given set of values of Ra and	ݎ௜/ܮ for both CWT and CWHF configurations. The thermal boundary layer 
remains much thinner than the hydro-dynamic boundary layer for Pr >>1 so the relative balance between the 
buoyancy and viscous forces is principally affected by nominal Prandtl number [6-8,11], which does not alter the 
thermal transport within the thermal boundary layer for Newtonian fluids and shear-thickening fluids. This gives 
rise to a weak ܲݎ dependence of  ܰݑതതതത௖௬ for Newtonian fluids and shear-thickening fluids. Scaling estimates given 
by Eqs. 8i and 8ii suggest that the thickness of hydrodynamic boundary layer decreases with decreasing 
(increasing) ݊ (ܴܽ). Thus, both hydrodynamic and thermal boundary layers remain thin for a combination of high 
nominal Rayleigh number and small power-law exponent, and therefore a change in Pr alters the thermal boundary 
layer thickness and in turn ܰݑതതതത௖௬ significantly. 
5.2. Effects of ࢘࢏/ࡸ 
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The variations of 	ܰݑതതതത௖௬  with	ݎ௜/ܮ for different Ra, n, and initial conditions (i.e. E.F. and Q.F.) at ܲݎ ൌ 10ଷ are 
shown in Fig. 4-5 with representative flow patterns in the CWT and CWHF configurations for  	0 ൑ ݎ௜/ܮ ൑ 1 and 	1 ൑ ݎ௜/ܮ ൑ 24 respectively. It can be seen from Figs. 4-5 that the values of ܰݑതതതത௖௬ and flow patterns are not 
affected by the modification of 	ݎ௜/ܮ for shear thickening fluids (i.e.	݊ ൐ 1) irrespective of the choices of initial 
and boundary conditions. However,  ܰݑതതതത௖௬ shows a non-monotonic variation with ݎ௜/ܮ due to changes in flow 
pattern for both Newtonian (i.e.	݊ ൌ 1) and shear thinning fluids (i.e.	݊ ൏ 1) for a given set of values of Ra and 
Pr irrespective of the choices of initial and boundary conditions. This tendency is prevalent for small values of 
ݎ௜/ܮ  for cases with a combination of high values of ܴܽ and small values of	݊. Equations 9 and 10 indicate that 
the effective Rayleigh number ܴܽ௘௙௙  becomes increasingly larger than its nominal value for increasing values of 
ݎ௜/ܮ 	for shear thinning fluids (i.e.݊ ൏ 1). Thus, steady state solution corresponding to a particular type of flow 
pattern associated with small values of  ܴܽ௘௙௙ , may not be possible to obtain for large values of ܴܽ௘௙௙, where 
the steady state solution yields a different flow pattern.  The flow patterns have been found to be strongly 
dependent on initial condition especially for shear thinning fluids (i.e.	݊ ൏ 1) for both CWT and CWHF boundary 
conditions. Although ܰݑതതതത௖௬ exhibits a non-monotonic variation with ݎ௜/ܮ for small values of ݎ௜/ܮ, the mean 
Nusselt number ܰݑതതതത௖௬ and flow pattern for large values of ݎ௜/ܮ approach those for square enclosures (ݎ௜/ܮ → ∞) 
irrespective of the choice of initial and boundary conditions. 
Moreover, the mean Nusselt number ܰݑതതതത௖௬ assumes higher values for CWT boundary condition than for 
CWHF boundary condition for large (small) values of Ra (n) for a given set of values of n (Ra), Pr, n and ݎ௜/ܮ 
but an opposite trend is observed for small (large) values of Ra (n) as long as flow pattern does not change with 
the alternation of  Ra and n.  This behaviour can be explained in  the following manner. The wall heat flux on the 
horizontal wall ݍ~݄∆ܶ can be scaled as: ݍ~݄∆ܶ~݇∆ܶ ߜ௧௛⁄ ~݇ሺ∆ܶ ߜଵ⁄ ሻ݂	, so the ܰݑതതതത௖௬ can be scaled as: 
ܰݑതതതത௖௬~݄ܮ ݇⁄ ~ݍܮ ∆ܶ݇⁄ ~ܮ/ߜ௧௛~ሺܮ ߜଵ⁄ ሻ݂, where ݂ሺܴܽ, ܲݎ, ݊, ݎ௜ ܮ⁄ ሻ is  the function which accounts for the ratio 
of hydro-dynamic to thermal boundary layer thickness (i.e. ݂~ߜଵ/ߜ௧௛). Using Eqs. 8i and 8ii one obtains: 
ܰݑതതതത௖௬~݂ܥܹܶ ቀܴܽܥܹܶ2െ݊ܲݎെ݊ቁ
1
2ሺ݊൅1ሻ ሺ1 ൅ ܮ/ݎ݅ሻሺ݊െ2ሻ/ሺ݊൅1ሻ ;                                                                              (11i) 
ܰݑതതതത௖௬~ ஼݂ௐுிሺ௡ାଵሻ/ሺ
೙
మାଶሻ	ሺܴܽ஼ௐுிଵି௡/ଶܲݎି௡/ଶሻଵ/ሺ
೙
మାଶሻሺ1 ൅ ܮ/ݎ௜ሻሺ௡ିଶሻ/ሺ௡ାଵሻ                                              (11ii) 
Eq. 11 shows that the exponent of ܴܽ஼ௐ் (i.e.ሺ2 െ ݊ሻ/ሺ2݊ ൅ 2ሻ) assumes greater than exponent of ܴܽ஼ௐுி 
(i.e.	ሺ2 െ ݊ሻ/ሺ݊ ൅ 4)) for the range of ݊ considered here. This difference widens with decreasing	݊.  By contrast, 
the exponent of ܲݎ  assumes greater negative value for CWT boundary condition (i.e.െ݊/ሺ2݊ ൅ 2ሻ) than the 
corresponding value in the case of CWHF boundary condition (i.e.	െ݊/ሺ݊ ൅ 4)). The effects of higher exponent 
of nominal Rayleigh number dominate over the influences of higher magnitude of negative exponent of Prandtl 
number for high (small) values of ܴܽ (݊), which leads to higher values of mean Nusselt number ܰݑതതതത௖௬ in the CWT 
configuration than in the case of CWHF boundary condition provided the flow pattern remains unchanged. By 
contrast, the effects of higher magnitude of negative exponent of Prandtl number overcome the influences of 
higher exponent of nominal Rayleigh number for small (high) values of ܴܽ (݊), which leads to higher values of 
mean Nusselt number ܰݑതതതത௖௬ in the CWHF configuration than in the case of same flow pattern under CWT 
boundary condition. Furthermore, Eqs. 11i and 11ii indicate that ܰ ݑതതതത௖௬ is expected to increase with increasing ݎ௜/ܮ 
for the range of values of ݊ considered here provided ܴܽ, ܲݎ, ݊ and the flow pattern remain unchanged.  
Turan et al. [6] utilized the scaling estimates given by Eqs. 11i-ii to propose correlations for the mean Nusselt 
number for natural convection of power-law fluids in square enclosures (i.e.ܮ ݎ௜⁄ ൌ 0), which is modified here for 
better accuracy for shear-thickening (i.e.݊ ൐ 1) fluids, and these correlations are presented in Table 1. It is worth 
noting that the correlations given in Table 1 are only valid for one cell flow pattern. Although the non-monotonic 
variation of ܰݑതതതത௖௬	in response to the changes in Ra, Pr, n and ݎ௜/ܮ and its strong dependence on the choice of 
initial condition severely limit the usefulness of a correlation for ܰݑതതതത௖௬, it can be seen from Figs. 4 and 5 that the 
correlation satisfactorily capture the variation of the mean Nusselt number  ܰݑതതതത௖௬ even for cylindrical enclosures 
when one convection roll flow pattern is observed. Furthermore, Figs. 4 and 5 suggest that Table 1 can be used to 
correlate ܰݑതതതത௖௬ for a wide range of values of nominal Rayleigh and Prandtl numbers considered here except for 
small values of  ݎ௜/ܮ .   
In Rayleigh-Bernard configuration a threshold value of nominal Rayleigh number needs to be surpassed for the 
onset of fluid motion. For Newtonian (i.e. ݊ ൌ 1) fluids, where the instability is super-critical [1,9], the critical 
Rayleigh number is estimated by linear regression of ൫ܰݑതതതത௖௬ െ 1൯ as a function of ܴ ܽ. In the case of shear-thinning 
fluids, where the instability is sub-critical, the critical Rayleigh number is estimated by reducing nominal Rayleigh 
number ܴܽ in steps of 50 from an established flow condition where ܰ ݑതതതത௖௬ ≫ 1. It is possible to obtain large values 
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of viscosity at low shear rate values for shear thinning fluids (i.e. ݊ ൏ 1). Thus, ൫ܰݑതതതത௖௬ െ 1൯ jumps abruptly from 
zero value with an increase in ܴܽ for shear thinning fluids (i.e. ݊ ൏ 1) according to the expectation of sub-critical 
instability. Table 2 lists the nominal values of Rayleigh number Ra, above which ܰݑതതതത௖௬  values deviate from unity, 
which has been taken for the critical Rayleigh number	ܴܽ௖௥௜௧ for the onset of convection in this analysis for shear-
thinning and Newtonian fluids. Table 2 shows that ܴܽ௖௥௜௧ decreases with decreasing	݊, which is consistent with 
previous analyses [1, 12]. Furthermore, ܴܽ௖௥௜௧  values are found to be mostly independent of ݎ௜/ܮ and remain 
equal to the corresponding values for square enclosures except for  ݎ௜ ܮ⁄ ൌ 0  where slightly smaller values of 
ܴܽ௖௥௜௧ have been obtained for CWT boundary condition. However, ൫ܰݑതതതത௖௬ െ 1൯ cannot be used for a sufficiently 
accurate measure of the onset of fluid motion for shear-thickening (i.e.݊ ൐ 1) fluids since ൫ܰݑതതതത௖௬ െ 1൯ remains 
close to 0.0 for a large range of	ܴܽ. It has been found that fluid flow initiates for any non-zero value of nominal 
Rayleigh number by examining the variation of the maximum values of stream function ߰௠௔௫  with Rayleigh 
number (not shown here but refer to Fig. 8b in Ref. [1]).Thus, the critical Rayleigh number for shear-thickening 
(i.e.݊ ൐ 1) fluids can be considered as ܴܽ௖௥௜௧ ൌ 0. The values of nominal Rayleigh number ܴܽே௨തതതത೎೤ୀଵ for which 
	ܰݑതതതത௖௬ ൌ 1.001 for shear thickening (i.e. ݊ ൐ 1) fluids are listed in Table 3.  For shear-thickening fluids viscosity 
assumes vanishingly small values for small shear rate values for ݊ ൐ 1 and thus it does not offer any resistance to 
fluid motion once the nominal Rayleigh approaches zero. This is found to be consistent with previous findings 
[1,13].  It can be seen from Table 3 that ܴܽே௨തതതത೎೤ୀଵ remains largely independent of ݎ௜/ܮ for both CWT and CWHF 
boundary conditions but ܴܽே௨തതതത೎೤ୀଵ for  ݎ௜ ܮ⁄ ൌ 0  has been found to be slightly smaller in the case of CWT 
boundary condition. 
 
6. CONCLUSIONS 
The effects of Ra, Pr, n, ݎ௜/ܮ on steady state laminar Rayleigh-Bénard convection of power-law fluids in square 
cross-sectional cylindrical annular enclosures have been numerically investigated under the assumption of 
axisymmetry for a range of different values of nominal Rayleigh number Ra, nominal Prandtl number Pr, power-
law index n and the internal radius to enclosure height ratio ݎ௜/ܮ (i.e. 10ଷ ൑ ܴܽ ൑ 10ହ; 10 ൑ ܲݎ ൑ 10ସ; 0.6 ൑݊ ൑ 1.8; 0 ൑ ݎ௜/ܮ ൑ 24) for both CWT and CWHF boundary conditions. The mean Nusselt number ܰݑതതതത௖௬  
dependence of Ra, Pr, n and ݎ௜/ܮ  shows complex non-monotonic trend due to changes in flow pattern (i.e. number 
of cells) for shear thinning fluids in the CWT configuration. However, this behaviour is much weaker for shear-
thickening fluids. Moreover, Ra, Pr, n and ݎ௜/ܮ  dependences of ܰݑതതതത௖௬ have been found to be strongly affected by 
the choice of initial condition. It has also been found that the mean Nusselt number ܰݑതതതത௖௬ assumes higher values 
for CWT boundary condition than that in the case for CWHF boundary condition for large (small) values of Ra 
(n) in the flow regime where the qualitative nature of the flow pattern remains unchanged, whereas an opposite 
trend is observed for small (large) values of Ra (n). Additionally, the critical Rayleigh number ܴ ܽ௖௥௜௧ for the onset 
of convection is found to be largely independent of ݎ௜/ܮ for both CWT and CWHF boundary conditions. 
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TABLES 
Table 1: The correlations for natural convection of power-law fluids in square enclosures (i.e.ܮ ݎ௜⁄ ൌ 0) 
proposed by Turan et al. [6]. 
CWT 
ܰݑതതതത௖௬ ൌ ܰݑതതതതଵ when  ܰݑതതതതଵ ൌ 0.178ܴܽ஼ௐ்଴.଴ଵଽ ௉௥
బ.మళ
ሺଵା௉௥ሻబ.బమ 	ቀ
ோ௔಴ೈ೅మష೙
௉௥೙ ቁ
ଵ/ሺଶሺ௡ାଵሻሻ
ܣ ൐ 1 
ܣ ൌ ݁ݔ݌ሾሺ݊ െ 1ሻܿଵܴܽ஼ௐ்	௖మܲݎ௖యሿ for ݊ ൑ 1 
ܿଵ ൌ 0.994, ܿଶ ൌ 0.091 and ܿଷ ൌ 0.051 for 5 ൈ 10ଷ ൑ ܴܽ஼ௐ் ൑ 1 ൈ 10ହ  
ܣ ൌ ݊ௗ for ݊ ൐ 1 
݀ ൌ ሺ0.19ܲݎ଴.଴ସ݈ܴ݊ܽሻ for 5 ൈ 10ଷ ൑ ܴܽ஼ௐ் ൑ 1 ൈ 10ସ  
݀ ൌ ሺ0.23ܲݎ଴.଴ସ݈ܴ݊ܽሻ for 1 ൈ 10ସ ൏ ܴܽ஼ௐ் ൑ 1 ൈ 10ହ  
ܰݑതതതത௖௬ ൌ 1 when ܰݑതതതതଵ ൑ 1 
CWHF 
ܰݑതതതത௖௬ ൌ ܰݑതതതതଶ when  ܰݑതതതതଶ ൌ 0.289ܴܽ஼ௐுி଴.଴ଵସ ௉௥
బ.మభళ
ሺଵା௉௥ሻబ.బభళ 	ቀ
ோ௔಴ೈಹಷభష೙/మ
௉௥೙/మ ቁ
ଵ/ሺ௡/ଶାଶሻ
ܣ ൐ 1 
ܣ ൌ ݁ݔ݌ሾሺ݊ െ 1ሻܿଵܴܽ஼ௐுி	௖మܲݎ௖యሿ for ݊ ൑ 1 
ܿଵ ൌ 0.345, ܿଶ ൌ 0.129 and ܿଷ ൌ 0.103 for 5 ൈ 10ଷ ൑ ܴܽ஼ௐுி ൑ 1 ൈ 10ହ  
ܣ ൌ ݊ௗ for ݊ ൐ 1 
݀ ൌ ሾ0.136ܲݎ଴.଴ସ݈ܴ݊ܽሿଵ.ହ for 5 ൈ 10ଷ ൑ ܴܽ஼ௐுி ൑ 1 ൈ 10ସ  
݀ ൌ ሾ0.145ܲݎ଴.଴ସ݈ܴ݊ܽሿଵ.ହ for 1 ൈ 10ସ ൏ ܴܽ஼ௐுி ൑ 1 ൈ 10ହ  
ܰݑതതതത௖௬ ൌ 1 when ܰݑതതതതଶ ൑ 1 
 
Table 2. Values of critical Rayleigh number ܴܽ௖௥௜௧ for different values of ݊	and ݎ௜/ܮ  for both CWT and CWHF 
boundary conditions at ܲݎ ൌ 10ଷ. Here ܴܽ௖௥௜௧ is estimated by linear regression for Newtonian and reducing ܴܽ	in 
steps of 50 for shear-thinning (i.e. ݊ ൏ 1) fluids from an established flow condition where	ܰݑതതതത௖௬ ≫ 1. The critical 
Rayleigh number is equal to zero for the shear thickening (i.e.݊ ൐ 1) fluids. 
n 
CWT CWHF 
࢘࢏/ࡸ   ࢘࢏/ࡸ   
0 1 16 Square 0 1 16 Square 
0.6 750 800 800 800 650 650 650 650 
0.8 1400 1550 1550 1600 1150 1150 1150 1150 
1 2250 2600 2600 2600 1700 1700 1700 1700 
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Table 3: Values of Rayleigh number ܴܽே௨തതതത೎೤ୀଵ for which ܰݑതതതത௖௬ values deviate from unity in the third decimal 
place (i.e.ܰݑതതതത௖௬ ൎ 1.001) for shear thickening fluids or both CWT and CWHF boundary conditions at ܲݎ ൌ 10ଷ. 
n 
CWT CWHF 
࢘࢏/ࡸ   ࢘࢏/ࡸ   
0 1 16 Square 0 1 16 Square 
1.4 3250 3500 3500 3500 2000 2000 2000 2000 
1.8 5000 5000 5000 5000 2500 2500 2500 2500 
 
 
FIGURE CAPTIONS 
Fig. 1: Schematic diagram of simulation domain: a) CWT, b) CWHF configuration. 
Fig. 2: Variation of  ܰݑതതതത௖௬ with ܲݎ for different values of ܴܽ, ݊ and ݎ௜/ܮ for CWT boundary condition for both 
E.F and Q.F initial conditions. 
Fig. 3: Variation of  ܰݑതതതത௖௬ with ܲݎ for different values of ܴܽ, ݊ and ݎ௜/ܮ for CWHF boundary condition for both 
E.F and Q.F initial conditions. 
Fig. 4: Variation of  ܰݑതതതത௖௬ with  ݎ௜/ܮ (for ݎ௜/ܮ ൑ 1.0) for different values of ܴܽ and ݊ at ܲݎ ൌ 10ଷ for both CWT 
and CWHF boundary conditions in the cases of E.F and Q.F initial conditions. The corresponding values of mean 
Nusselt number for square enclosures (i.e.	ܰݑതതതത௦௤) are shown with broken lines. The correlation results for ܰݑതതതത௦௤ in 
Table 1 are shown by solid lines. 
Fig. 5: Variation of  ܰݑതതതത௖௬ with  ݎ௜/ܮ (for ݎ௜ ܮ⁄ ൐ 1.0) for different values of ܴܽ and ݊ at ܲݎ ൌ 10ଷ for both CWT 
and CWHF boundary conditions in the cases of E.F and Q.F initial conditions. The corresponding values of mean 
Nusselt number for square enclosures (i.e.	ܰݑതതതത௦௤) are shown with broken lines. The correlation results for ܰݑതതതത௦௤ in 
Table 1 are shown by solid lines. 
Fig. 1: Schematic diagram of simulation domain: a) CWT, b) CWHF configuration. 
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Fig. 2: Variation of  ࡺ࢛തതതതࢉ࢟ with ࡼ࢘ for different values of ࡾࢇ, ࢔ and ࢘࢏/ࡸ for CWT boundary condition for both 
E.F and Q.F initial conditions.
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Fig. 3: Variation of  ࡺ࢛തതതതࢉ࢟ with ࡼ࢘ for different values of ࡾࢇ, ࢔ and ࢘࢏/ࡸ for CWHF boundary condition for both 
E.F and Q.F initial conditions.
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Fig. 4: Variation of  ࡺ࢛തതതതࢉ࢟ with  ࢘࢏/ࡸ (for ࢘࢏/ࡸ ൑ ૚. ૙) for different values of ࡾࢇ and ࢔ at ࡼ࢘ ൌ ૚૙૜ for both CWT 
and CWHF boundary conditions in the cases of E.F and Q.F initial conditions. The corresponding values of mean 
Nusselt number for square enclosures (i.e.	ࡺ࢛തതതത࢙ࢗ) are shown with broken lines. The correlation results for ࡺ࢛തതതത࢙ࢗ 
in Table 1 are shown by solid lines. 
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Fig. 5: Variation of  ࡺ࢛തതതതࢉ࢟ with  ࢘࢏/ࡸ (for ࢘࢏ ࡸ⁄ ൐ ૚. ૙) for different values of ࡾࢇ and ࢔ at ࡼ࢘ ൌ ૚૙૜ for both CWT 
and CWHF boundary conditions in the cases of E.F and Q.F initial conditions. The corresponding values of mean 
Nusselt number for square enclosures (i.e.	ࡺ࢛തതതത࢙ࢗ) are shown with broken lines. The correlation results for ࡺ࢛തതതത࢙ࢗ 
in Table 1 are shown by solid lines. 
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